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1. INTRODUCTION 
We are concerned here with the abstract Cauchy problem for the semilinear 
evolution equation 
[~~W4 + Au(t) = g(@), q, (1.1) 
in which B and A are linear operators with domains contained in a real Banach 
space X and ranges contained in a real Banach space Y. g maps X x [0, 2’1, 
T > 0, into Y. The main purpose of this note is to develop an existence theory 
for (1.1) under the fundamental requirement that the operator B dominate 
the operator A: D(B) C D(A). 
In the second section the additional assumptions on the operators B and A 
are collected and some a priori estimates are proved. Schauder’s fixed point 
principle is used in Section 3 in order to obtain a local solution of (1.1) for each 
continuous function g: X x [0, T] + Y. Moreover, we establish the existence 
of a global solution for nonlinearities g satisfying a linear growth condition. 
The abstract problem we consider here arises as a realization of an initial 
boundary value problem for the pseudoparabolic partial differential equation 
amqx, t) 
at + i!u(x, t) = i?(x, 4 (Wx, t>>lal<2m-l)~ (1.2) 
Here, W and L? are linear elliptic differential operators of orders 2m and 21, 
respectively, with m > 1. 
Equation (1.2) appears in a variety of physical problems, for example, in 
thermodynamics [6], in the flow of fluid through fissured rocks [4], in the 
shear in second-order fluids [21], and in soil mechanics [20]. 
There is an extensive literature on linear pseudoparabolic equations of the 
form 
[a'm+, tyat] + 134(x, t) = J(x, t). 
412 
(1.3) 
CopyrIght 0 1977 by Academic Press, Inc. 
AU rights of reproduction in any form reserved. ISSN 0022-0396 
SOBOLEV EQUATION IN BANACH SPACE 413 
Very strong and complete results are known concerning existence, uniqueness, 
and various properties of solutions. We refer to the papers [12, 14, 191 for a 
detailed discussion of the linear case. 
So far not much seems to be known about the solvability of the nonlinear 
equation (1.2). The case of a function g which satisfies a local Lipschitz condition 
has been treated by Showalter [15, 161. H’ is results, which are proven without 
using compactness properties, apply only to a small class of nonlinearities. 
In Section 4 we use the Sobolev imbedding theorems and our abstract results 
to establish some existence theorems for (1.2) under more general hypotheses 
on g. 
We close this introduction by describing our main result concerning the 
nonlinear equation (1.2) for a very special example. 
Let Q be a bounded domain in Iw” with smooth boundary &? and let 
g: [0, T] x R -+ R be continuous. Then, for each initial value 
ug E we’d n wysz), P > n, 
there exists a local solution u of the semilinear equation 
a(+, t) - 4% t)) 
at - &4(x, t) = g(t, 24(x, t)) 
in D X (0, T) 
satisfying 
u(x, t) = 0 in 8Q X (0, T], 
U(% 0) = u&) in Q. 
It should be remarked that u is also a solution of the equation 
qx, t) _ d a@, t) 
at at - Llu(x, t) = g(t, 24(x, t)) in 52 X (0, T). 
2. PRELIMINARIES AND A PRIORI ESTIMATES 
Let X be a real Banach space with norm 1 . 1, denote by Y a real Banach 
space with norm jl .[I, and let T > 0 be a real number. By L(X, Y) we denote 
the Banach space of all continuous linear operators S: X -+ Y. C([O, T]; Y) 
is the totality of continuous functions z: [0, T] + Y, and Cr((0, T); Y) denotes 
the set consisting of all strongly continuously differentiable functions 
z: (0, T)--z Y. 
Suppose we have two linear operators B: D(B) + Y and A: D(A) -+ Y 
with domains in X such that 
W) C W), (1) 
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and assume we are given a map g: X x [0, T] --f Y and an initial value 
240 E D(B). 
The problem under consideration is that of finding a function u which satisfies 
the abstract Cauchy problem 
[~~~(Wl + Au(t) = g(W, 9, 
u(0) = 240 .
(2-l) 
DEFINITION 2.1. A solution of (2.1) is a continuous function u: [0, T] -+ X 
such that 
(i) u(t) E D(B) for all t 5 [0, T], 
(ii) Bu E C([O, T]; Y) n Cl((0, T); Y), 
and (2.1) holds for all t E (0, T). 
The results of this paper are obtained from condition (I) and the assumptions: 
A and B are closed; (11) 
B: D(B) + Y is bijective; (III) 
B-l: Y -+ X is compact. (IV) 
The hypotheses (I), (II), (III), and the closed graph theorem imply the 
boundedness of the linear operator AB-l: Y -+ Y. We use this fact in order 
to obtain some basic a priori estimates. 
PROPOSITION 2.2. Assume (I), (II), and (III) and let w denote the norm of 
AB-1 E L(Y, Y). Let f and h be Bochner integrable functions jkom [0, T] into Y. 
If u, v are solutions of 
and 
[dBu(Wtl + Au(t) = f(t), 
u(O) = u,, E D(B) 
[dBv(t)/dt] + Av(t) = h(t), 
v(0) = v,, E D(B), 
respectively, then the following estimates hold for 0 < s < t < T: 
/( Bu(t) - Bv(t)lj < ew(t-s) 11 Bu(s) - Bv(s)ll 
+ Jqt eww-7) II f (4 - h(+l dT; 
11 Bu(t) - Bu(s)jj < /A; ew(t-7) //f (7) - Au(s)11 dr; 
(9 
(ii) 
/I Au(t) - Au, /I < w Jot ew(t--7) II f (T) - Au, (1 dT. (iii) 
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Proof. Let Y* be the dual space of Y. With each y E Y, we associate the 
nonvoid set 
F(Y) := iy* E y* : (Y, Y*) = I/Y II2 = lIY* ii;*>, 
where (y, y*) denotes the value of y* E Y* at y E Y. We define a function 
( , >: Y x Y + R by (x, y) := inf{(x, y*): y* eF(y)}. The function 
[I Bu - Bv /j: [0, T] + R is differentiable for almost all 7 E (0, T). Hence we 
may apply a result of Kato [l 1, Lemma I .3] to obtain 
II B47) - WN+W II B+) - Bv(~)ll 
= ([dBu(~)/d~] - [~Bv(T)/~T], Bu(T) - Bv(T)) 
= (f(T) - h(7) + Av(T) - AU(T), B@(T) - Bv(T)) 
< /if(T) - h(T)/1 11 B+) - Bv(~)l/ + W 11 B+) - B+)/12 a.e. on (0, T). 
Now assertion (i) is easily obtained. The second statement follows from (i) 
by taking v = U(S). For all z E D(B) we have I/ AZ /I < w ]I Bz Ij. Thus estimate 
(iii) is an immediate consequence of (ii). Q.E.D. 
COROLLARY 2.3. Assume (I), (II), and (III) and suppose f E C([O, T]; Y). 
If u is a solution of 
[~WW4 + Au(t) = f(t), 
u(O) = u,, E D(B), 
then there exists a constant a = a(T) such that 
1 u(t) - u(s)1 G 0~ ,“23zT /If (7) - Au, 11 (t - s) 
\ 
for 0 < s < t < T. 
Proof. Let the norm of the operator B-l EL( Y, X) be denoted by b. 
Proposition 2.2(ii) and (iii) give 
1 U(t) - U(S)1 < b lst ew(t-r) 11 f(T) - Au(s)11 dT 
I 
t 
Gb ewft-+) 11 f(T) - Au, Ij dT 
s 
+ b lSt ew(t-T) (w ls ezo(S-u) 1) f(a) - Au,, 11 du) dT 
< b 2,~ lif (T) - 4 II iI@ - @‘?/wl. \ 
The assertion now follows by,taking cx = bewT. Q.E.D. 
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3. SOME ABSTRACT EXISTENCE THEOREMS 
In this section we use the a priori estimates and Schauder’s fixed point 
principle in order to establish some existence theorems for (I .l) under assump- 
tions (I), (II), (III), (IV), and very general hypotheses on the nonlinear term g. 
We begin with the study of the linear abstract Cauchy problem 
[~~~(~)/4 + Au(t) = f(Q, 
u(0) = 240 . 
(3.1) 
Our assertion concerning the unique solvability of (3.1) is an immediate con- 
sequence of the theory of linear semigroups. 
PROPOSITION 3.1. Assume (I), (II), and (III). Let f be a continuous function 
from an interval [0, T] into Y. Then, for each u0 E D(B), thme exists a unique 
so&ion u: [0, T] -+ X of the linear problem (3.1). 
Proof. Since AB-1: Y -+ Y is bounded, it follows that the problem 
[dv(t)/dt] + AB-%(t) =f(t), 
a(O) = Bu, 
has a solution o: [0, T] + Y, which is given by 
s 
t 
u(t) = e-tAB-lBuO + eM4B-lf(S) & 
0 
for t E [0, T]. The function u := B-Iv: [0, T] ---f X is a solution of (3.1). 
Proposition 2.2(i) implies the uniqueness. Q.E.D. 
After this preparation we are ready for the proof of the following general 
existence result concerning the semilinear problem: 
[dBu(t)ldtl + Au(t) = g@(t), t>, 
u(0) = 240 . 
(3.2) 
THEOREM 3.2. Assume A and B satisfy conditions (I), (II), (III), and (IV) 
and suppose g: X x [0, T] -+ Y is continuous. Then, for any giwen u0 E D(B), 
the abstract Catchy problem (3.2) h as a local solution u; i.e., there is a subinterval 
[0, S] C [0, T] on which u is a solution of (3.2). 
Proof. Let 0 < S < Ta.nd R > 0 be real numbers. Denote by B(Au, , R, S) 
the bounded closed convex subset of C([O, S]; Y) containing all functions 
f E C([O, S]; Y) for which 
SUP iIf - Au011 G R. 
06K.Y 
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For an arbitrary f e B(Au, , R, S) Proposition 3.1 gives the existence of a 
unique solution u = u( f ): [0, S] + X of the problem 
[dBu(Wl + Au(t) = f(t), 
u(0) = 240 . 
Define h,: B(Au, , R, S) + C([O, S]; Y) by 
It suffices to show that, for suitable constants S and R, the map h, has a fixed 
point. Hence, by the Ascoli-ArzelP theorem and by Schauder’s fixed point 
principle, we need only to verify the existence of 0 < S ,< T and R > 0 
such that the following conditions are satisfied: 
(i) h,: B(Au, , R, S) + C([O, S]; Y) is continuous and maps B(Au, , R, S) 
into itself; 
(ii> hs(B(Auo , R S)) is equicontinuous; and 
(iii) &(f >(t>:f E W% , R, 9 is relatively compact in Y for each 
tE [O, S]. 
Let R > su~~~~r II g(uo , t) - Au, /I be arbitrary. By the continuity of g 
in u. , there exists a positive constant 6 such that I/ g(x, t) - Au, 11 < R for 
all t E [0, T] and all x E X with I x - u. / < 6. Denote by b the norm of 
B-l EL(Y, X) and choose 0 < S < T such that b[(ews - l)/w]R < 8. By 
Proposition 2.2(ii) it is easily seen that h, maps B(Au, , R, S) into itself. Set 
V : = {u(f)(t): 0 < t < S and f E B(Au, , R, S)}. 
Then, again by Proposition 2.2(ii), the image B(V) C Y is bounded. Hence 
V is relatively compact in X. Therefore, g: I’ x [0, S] -+ Y is uniformly 
continuous, and it follows from Proposition 2.2(i) that h,: B(Au, , R, S) + 
C([O, s]; Y) is continuous. 
Now we claim assertion (ii). Indeed, by applying Corollary 2.3, we obtain 
the estimate 
I 4f IO> - 4f )Wl < ,a I t - s I 
for 0 < s, t < S, and f E B(Au, , R, S). Hence, again by the compactness of r, 
hsPWo 3 R, S)) is equicontinuous. Let t E [0, S] be fixed. The assertion (iii) 
follows from the fact that the image of V x {t} under g is relatively compact 
in Y. Q.E.D. 
We consider next the existence of global solutions of (3.2). The following 
proposition contains the basic tool for the proof of our global existence result. 
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PROPOSITION 3.3. Let the hypotheses of Theorem 3.2 be satisfied and suppose g
maps bounded sets into bounded sets. Let u be a local solution of (3.2). Finally, 
denote by To the supremum of all real numbers 0 < S < T such that u can be 
extended to a solution of (3.2) on [0, S]. Then T,, = T or the set {u(t): t E [0, T,,)} 
is unbounded. 
Proof. Let T,, < T and suppose the conclusion of the proposition is false. 
Then there exists a constant M > 0 such that 
I @)I d M for 0 < t < TO. 
The boundedness of g and Proposition 2.2(ii) and (iii) imply an estimate 
II Bu(t) - Bu(s)ll d c I t - s I 
for 0 < s, t < T,, . This relation gives the existence of the limit limttT, Bu(t) =: x. 
Set u(T,) := B-?z and consider the Cauchy problem 
[dBv(t)/dtl + A@) = g(4), t + T,), 
v(O) = u(To). 
(3.3) 
We apply Theorem 3.2 to obtain a local solution v: [0, TJ + X of (3.3). 
Define c: [0, To + TJ + X by 
a(t) := u(t), for t E [0, T,], 
:= v(t - T,), for t E [To, T,, + TJ. 
It is easily seen that D is a solution of (3.2) on [0, To + TJ. This fact contradicts 
the definition of T, . Q.E.D. 
Theorem 3.2 is supplemented by a result on the existence of global solutions 
of (3.2). Assume the hypotheses of Theorem 3.2. Then a linear growth condition 
on the nonlinear term g is sufficient for the problem to be globally solvable. 
In fact we have the following. 
THEOREM 3.4. Let the assumptions of Theorem 3.2 be satisJied. In addition, 
suppose that there exists a positive constant c such that 
II&, t)ll B 4 + I v I) 
for all v E X and t E [0, T]. Then, f or each I(,, E D(B), the problem (3.2) has a 
solution u: [0, T] -+ X. 
Proof. Let u be a local solution of (3.2) and set 
T, := sup{0 < S < T: u can be extended to a solution of (3.2) on [0, S]}. 
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First we claim that To = T. On account of Proposition 3.3 it suffices to prove 
the boundedness of the set {u(t): t E [0, To)}. To see this, we denote by b the 
norm of B-l EL( Y, X). Then, by Proposition 2.2(ii), 
s t <b ewtt+) llg(u(~), 7) - 4, II dT+I ~0 I 0 
< bceWT 
s ot I ~(41 dT + bewTT(c + II Au0 II) + I u. I 
for 0 < t < To. Set oL := bceWT and 
B := bewTT(c + II Au0 II> + I u. I. 
By the lemma of Gronwall we find 
I +)I < PeaT for all t E [0, To). 
Hence To = T. Moreover, by Proposition 2.2(ii) and (iii), there exists a constant 
y with 
II W) - W4ll < Y I t - s I 
for 0 < s, t < T. This estimate gives the existence of the limit lim,tT h(t). 
Set u(T) : = B-l(limtrr Bu(t)). Now Bu: [0, T] + Y and II: [0, T] --+ X are 
well defined and continuous and the assertion follows. Q.E.D. 
For the sake of simplicity we restricted our considerations to the case of 
linear operators A and B. However, it should be remarked that also in the case 
of nonlinear operators A and B a detailed discussion of the abstract Cauchy 
problem (3.2) can be given. 
Remark 3.5. Suppose we have a pair of (not necessarily linear) operators 
B: D(B) + Y and A: D(A) -+ Y with domains in X such that 
D(B) C D(A). (I’) 
Let a function g: X x [0, T] ---f Y and an initial value u. E D(B) be given. 
By a solution of the Cauchy problem (3.2) we now mean a continuous function 
u: [0, T] -+ X, for which u(t) E D(B) holds for all t E [0, T], Bu: [0, T] + Y 
is absolutely continuous, [dBu(t)/dt] + Au(t) = g(u(t), t) holds for almost all 
t E (0, T), and u(0) = u. is satisfied. In [5] the author proved that Theorems 3.2 
and 3.4 remain true provided the following conditions are satisfied: 
(II’) There is a real constant w such that 
II Bx, + AAx, - (k + k)ll 3 (1 - X4 II Bx, - Bx, II 
for all X > 0 and all xi , x2 E D(B). 
505/24/3-8 
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(II”) There is a X > 0 with hw < 1 for which the range R(B + AA) 
is all of Y. 
(III’) B: D(B) -+ Y is bijective. 
(IV’) B-l: Y -+ X is Lipschitz continuous and compact. 
(V) Y and Y* are uniformly convex. 
The main tools for the proofs in [5] are the theory of m-accretive operators 
in Banach space and Schauder’s fixed point principle. 
Problems of type (3.2) with A and B not necessarily linear and the function g 
independent of u have been studied by Barbu [2], Bardos and Brezis [3], 
Gajewski and Zacharias [9], Grange and Mignot [IO], and Showalter [17, 181. 
Remark 3.6. Problem (3.1) can be solved forward and backward by using 
a group on an interval containing 0 (compare [12, Theorem 2.31). However 
our analysis on the interval [0, T] contains all the essential features. 
4. APPLICATIONS 
In this section we present a realization of the abstract Cauchy problem 
(2.1) as an initial boundary value problem for a pseudoparabolic partial dif- 
ferential equation. Since we only intend to display some nonlinear problems 
to which our abstract results apply, we do not consider properties of solutions. 
Such properties as regularity and asymptotic behavior have been discussed 
for linearequations (e.g., [12, 13, 191). 
In the following we specify the hypotheses which we use throughout this 
section. 
Let Q be a nonempty bounded domain in W with smooth boundary aJ2. 
For an integer i > 0 and a real number 1 < p < co define C@), Ci(aQ), 
(WJ), II . II,), and (wiW), II * Ib,J as usual. 
We denote by !IR and !$ two elliptic differential operators of orders 2m and 21, 
respectively, with m > I: 
m,: Q + !I%, 0 < 1 a 1 < 2m, 
1,: Q -+ 08, 0 < 1011 < 21, 
I
measurable and bounded; 
m,: Q -+ R, ( a 1 = 2m, 1,: Q --+ Ft, 1 011 = 21, I continuous; (1) 
C m,(x) 7? ..* 72 f 0, for XEQ and 
laj=2rn 
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We introduce m differential boundary operators (&}E”=, by 
Bi = c b:Da, O<ri<2m-1, 
l~l<~, 
bai E C2m-‘i(&?) for 0 < \ c4 ( < Yi . 
Let {B,l}fz, be an arbitrary subsystem of {Bi}~c”=l of the form 
(B,1};==, := {Bi : 0 < rz < 2Z- 11, l<k<Z. 
(2) 
We require the assumption: 
The pairs ($332, {B,}zJ and (2, {B:}f=J 
satisfy the complementary condition (e.g., [8, Part 1, Sect. 191). 
(3) 
Let 1 < p < co be fixed. We define Wzms~(Q; (Bi}E”,,) as the closure in 
lVsm,e(Q) of the set of functions u E C2m(a) which satisfy Biu = 0 on asZ 
for 1 < i < m. Define W2’*“(9; {Bil}fe,) an o al g ously. Moreover, we introduce 
two linear operators IM: D(M) -+ L*(Q) and L: D(L) + Lp(s2) by 
D(M) := W2”*‘(Q; {Bi}~=~), Mu := 1uzu, 
D(L) := W2’*‘(Q; {B;}f=J, Lu := i?u. 
Obviously D(M) C D(L). 
Finally, suppose we are given a function g: Q x [0, T] x Rd -+ R, where 
d = Clals2m--l 1. Denote by g the Nemytskii operator of g, that is, for each 
v E kV+l*fl(Q) and each t E [0, T], g(e), t) is the function defined on Q by 
g(w, t>(x) := if@, t, (Da744ha~s2m-J~ 
The initial boundary value problem we consider is 
am+, t) 
at + fW, t> = g(x, t> Pu(x, t)hs2m-1) in Sz x (0, T), 
B&x, t) = 0 in ai x (0, T] for 1 < i d m, (4.1) 
4% 0) = %4x) in Q. 
DEFINITION 4.1. Let assumptions (l), (2), (3) be satisfied and assume the 
initial value u, belongs to W21n*r@; {Bi}zl). A continuous function u: [0, T] --+ 
W2m,p(s2) is called a solution of (4.1), if the following conditions hold: 
(i) u(t) E W2m*p(Q; {&}ln_,) for 0 < t < T; 
(ii) Mu E C([O, T]; Lp(Q)) II Cl((0, T); Lp(Q)); 
(iii) [dMu(t)/dt] + Lu(t) = g(u(t), t) for 0 < t < T; 
(iv) u(0) = u. . 
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Next we state our growth condition on the nonlinearity g: 
g: L? x [0, T] x Rd -+ R satisfies the Caratheodory conditions, 
that is, g(x, *, e): [0, T] x llP + W is continuous for almost all 
x E !J and g(., t, z): Q + R’ is measurable for all (t, .a) E [0, T] x UP; 
I ax, t, (~Lhs2?7+1)l 
2?W-1 (4) 
d 44 + Y 1 C I za I’, + I&, (~Aao-J 
3=ju lal==j 
for x E Qa.e., t E [0, T] and (z,)~a1~2m--1 E W, where 
j0 = mint0 <j < 2m - 1: (2m - 1 - j)p < n], eEL*(Q), 
Y 3 0, 0 < & < n/b - t2m - 1 -i) PI 
and g, is continuous. 
The following theorem contains our principal existence result for the initial 
boundary value problem (4.1). 
THEOREM 4.1. Assume (l), (2), (3) and (4). Suppose M is bijectiwe. Then, 
fou an-v u,, E W2”*“(J?; {Bi}zn_,), there exists a local solution u: [0, S] + WzmJ’(Q), 
0 < S < T, of(4.1). Furthermore, u E Cl((0, 5’); W2”*“(Q)) and, for aZZ t E (0, S), 
[du(t)/dt] E W21’2*p(Q; {Bi}El) and M[du(t)/dt] + Lu(t) = g(u(t), t). 
Proof. The following a priori estimates are due to Agmon, Douglis, 
Nirenberg [l] : 
II u II 2m.v G G II Mull, for all u E D(M), 
II UII G C,(lIJ54 111~ + II u II,) for all u E D(L). 
(4.2) 
21.P 
Set X := Wz+l.P(SZ), Y := U(Q) and define B: D(B) + Y, D(B) C X, and 
A: D(A) + Y, D(A) C X, by 
D(B) := D(M), Bu:== Mu 
and 
D(A) := D(L) n X, Au :=Lu, 
respectively. It follows from (4.2) that A and B are closed and that B-l: Y -+ X 
is compact. Moreover, the Nemytskii operator g maps X x [0, T] continuously 
into Y (compare [22, Sect. 191). H ence Theorem 3.2 applies and we obtain 
the existence of a local solution u: [0, S] -+ X, 0 < S < T, of the problem 
[dBu(t)ldtl -k Au(t) = g@(t), 9, 
u(0) = ug . 
Since AZ-1: L”(Q) -+ W~“*P(Q) is continuous, u belongs to C([O, SJ; W2”*p(Q)). 
Hence u is a local solution of (4.1). Moreover, again by the continuity of M-l, 
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we obtain u E Cl((0, 8); W2”*“(sZ)) and du/dt = M-l(dMu/dt). This proves the 
theorem. Q.E.D. 
Assume (2m - 1) p > n. Then Theorem 4.1 implies the existence of a 
local solution of (4.1) without any growth restriction on g in u. In particular 
we have the following. 
COROLLARY 4.2. Let assumptions (I), (2), (3) be satis$ed and suppose M is 
bijective. Assume (2m - I)p > n. Let &: [0, T] x [w + Iw be continuous. Then, 
for any initial value u0 E W 2m.p(Q; {Bi}&), there exists a local solution of 
[iB.Ru(x, t)/at] + !i?u(x, t) = &(t, u(x, t)) in Sz x (0, T), 
B,u(x, t) = 0 in %J x (0, T] for 1 < i < m, 
u(x, 0) = uo(x) in 52. 
Next let us consider the existence of global solutions of (4.1). By employing 
Theorem 3.4 we obtain the following. 
THEOREM 4.3. Let (l), (2), (3) hold and let M be bijective. Suppose f: Q x 
[0, T] x IWd --+ Iw satis$es the Carath6odory conditions and the linear growth 
condition 
2m-1 
I &, t, kAd~2m--l)l < 44 + Y jz ,z 3 I za I 
-. 
for x E Q a.e., t E [0, T] and (~,)l.l<~~-~ E I/P, where e EL”(Q) and y > 0. 
Then, for any u,, E W 2pnJ’(Q; {BJF,), the problem (4.1) has a global soluticm 
- u: [0, T] + w2n”~p(s2). 
Remark 4.4. Let alap denote the directional derivative with respect to a 
nontangential smoothly varying direction p on aG and let 
B, = (as+a-ipp8+i-l) + c c,iD”, 
1a1e-i 
c,i E c2m-c~+i-iyaf4, 
O<s<m, O<rd<s+i-2 for 1 <i < m. 
Let (1) hold and suppose that 9B is strongly elliptic. Then the resolvent R(X, M) 
exists for all h except a discrete set u(M) of eigenvalues of M (compare [g, 
Part 1, Sect. 191). By Theorem 4.1, Corollary 4.2, and Theorem 4.3 we obtain 
some existence results for the problem 
[a+, q/at] - l oz[au(x, q/at] + iqx, t) 
= k% t, (D”u(x, t))tul<an-1) in 8 x (0, T), 
B,u(x, t) = 0 in aJJ x (0, T] for 1 < i < m, 
4x7 0) = %I(4 in 52, 
(4.3) 
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where e-l $ a(M) and u0 E W 2nz~P f2; Bi}y 1). ( { = If l -l is a spectral point of M, 
(4.3) may not have solutions even for the function g =I- 0. This has been observed 
by Coleman, Duffin, and Mizel [7]. 
Remark 4.5. For the study of the equation [dMu(t)/dt] + Lu(t) = g(u(t), t) 
we do not need to assume that f? is a differential operator. The results of this 
section remain true under the weaker assumption that L is a closed linear operator 
from D(L) C Wzm-l.“(52) into Lp(fil) with W2m*~(f2; (Bi)~n=,) C D(L). 
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